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Partial regularity of suitable weak solutions to the 
multi-dimensional generalized magnetohydrodynamics 

equations 


Wei Ren,* Yanqing Wang^ and Gang Wu^ 


Abstract 


In this paper, we are concerned with the partial regularity of the suitable weak 
solutions to the fractional MHD equations in R" for n = 2, 3. In comparison with 
the work of the 3D fractional Navier-Stokes equations obtained by Tang and Yu in 
24 . Commun. Math. Phys. 334: 1455-1482, 2015], our results include their endpoint 


case a = 3/4 and the external force belongs to more general parabolic Morrey space. 
Moreover, we prove some interior regularity criteria just via the scaled mixed norm of 
the velocity for the suitable weak solutions to the fractional MHD equations. 
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1 Introduction 


We consider the following generalized incompressible magnetohydrodynamics (MHD) equa¬ 
tions in M"" (n = 2, 3) 


ut + (—A)"tt + u ■ Vu — h ■ V/i -b Vp = /, 
ht + {—A)^h + u ■ V/i — h ■ Vu = 0, 
divu = div h = 0, 

^ (u,h)|i=o = 

where u, h describe the flow velocity field and the magnetic field, respectively, the scalar 
function p = vr + stands for the total pressure and the external force is denoted by / 
with div / = 0. The fractional Laplacian (—A)“ as the inhnitesimal generator of a Levy 
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process is defined by (-A)«/(^) = , where /(O = /(x)e The 

initial data {uo,ho) satisfies divwo = div/io = 0. 

When a = /3 = 1, the system (jl.ll) reduces to the classical MHD equations. MHD equa¬ 
tions play an important role in electrically conducting fluids such as plasmas(see, e.g.[lt]). 
There have been extensive studies on various topics concerning the MHD system and frac¬ 
tional MHD equations (see, e.g., ji, H, 0,0-0, Q, 0,0,0, and references therein). 

MHD equations without the the magnetic held degenerate to the Navier-Stokes equations. 
It is well-known that both the Navier-Stokes system and the Euler system in are globally 
well-posed. Sermange and Teman showed that the weak solutions of the 2D MHD sys¬ 
tem are regular. Very recently, the 2D generalized MHD system has been mathematically 
investigated in several works (see, e.g., jl, 14,0, 34|)- However, due to strong coupling 
between the magnetic held and the velocity held, to our knowledge, whether smooth solu¬ 
tions of the 2D MHD equations with fractional power dissipation a = /3 < 1 break down 
in a hnite time remains open. In 3^, the global smooth solutions of 2D generalized MHD 
with /3 < 1 and a > 1 were established by Wu. One goal of this paper is to prove partial 
regularity of solutions satisfying local energy inequality to the 2D fractional MHD system 
for 1/2 < a = /3 < 1. 

The global weak solutions and the local strong solutions to the 3D MHD equations were 
constructed by Duvaut and Lions j^, and Sermange and Teman 231. Regularity criteria 
of weak solutions to the 3D MHD equations only in terms of velocity held were proved 
in B 0. Partial regularity of suitable weak solutions to the 3D MHD equations was 
investigated by He and Xin in 0 (see also 0 ). The interior regularity criteria are shown 
for the suitable weak solutions via the velocity held with sufficiently small local scaled 
norm and the magnetic held with bounded local scaled norm in 11[. Very recently, Wang 
and Zhang 311] removed the magnetic held hypothesis for the regularity criteria for the 
suitable weak solutions to the 3D MHD equations. These results indicate that the velocity 
held plays a more dominant role than the magnetic held on the regularity of solutions to 
the magnetohydrodynamic equations, which is consistent with the numerical simulations in 

B0. 


The partial regularity of suitable weak solutions to the 3D MHD equations obtained in 
111 ] is an analogue of the celebrated Caffarelli-Kohn-Nirenberg theorem to the 3D Navier- 
Stokes equations, namely, one dimensional Hausdorff measure of the set of the possible 
space-time singular points of suitable weak solutions to the system is zero. The partial 
regularity of weak solutions obeying the local energy inequality to the 3D Navier-Stokes 
equations was originated from Scheffer 20l-l22l|. The optimal Hausdorff dimension estimate 
of the possible space-time singular points set of suitable weak solutions to the 3D Navier- 
Stokes was obtained by Caffarelli, Kohn and Nirenberg in 0]. Since then, there have been 
extensive studies on the partial regularity of solutions to the Navier-Stokes equations, MHD 
equations and the related models with fractional dissipation (see, e.g., [1, 11-13, 0,0,0, 


0-0, 0 , mi). In particular, Katz and Pavlovic (0 | proved that the Hausdorff dimension 
of the singular set for generalized Navier-Stokes equations with 1 < a < 5/4 at the first 
blow-up time is at most 5 — 4a, which was extended to the generalized MHD equations in 
[0 |. It is shown in 0 that the (5 — 4a)/2a dimensional Hausdorff measure of possible 
time singular points of weak solutions to the 3D fractional Navier-Stokes equations on the 
interval (0, oo) is zero if 5/6 < a < 5/4. Very recently, Tang and Yu [0| showed that the 
solutions of the 3D stationary fractional Navier-Stokes equations are regular away from a 
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compact set whose (5 — 6 a)-HausdofF measure is zero in the case 1/2 < a < 5/6. 


Based on Caffarelli and Silvestre’s extension for the fractional Laplacian operator, Tang 
and Yu [2^ successfully established the partial regularity of suitable weak solutions to the 
fractional Navier-Stokes equations in the case 3/4<a<lin 2^, where the Hausdorff 
dimension of the potential space-time singular points set of suitable weak solutions is at 


most 5 — Aa. Since Lemma 2.6 in 2 ^ collapses when a = 3/4, it seems that the limiting 


case a = ‘ijA can not be covered in their work. One objective of this work is to address this 
borderline case. This is partially motivated by the previous investigation of partial regularity 
to the solutions of the 4D Navier-Stokes equations in 30(]. The following observation plays an 
important role in our proof. Just as the 4D Navier-Stokes equations, from the interpolation 


inequality and Sobolev embedding theorem, we find that it holds u G 


and p € 


for the suitable weak solutions of the 3D generalized Navier-Stokes equations for a = 3/4, 
which ensures that every term in the local energy inequality (|2.13p makes sense. Meanwhile, 
this means a recurrence relation that the left hand of local energy inequality can control the 
right hand of local energy inequality. Specifically, we devote oneself to treating the partial 
regularity of suitable weak solutions of the fractional magnetohydrodynamic equations CTl). 


Throughout this paper, v* denotes the extension of v associated with the fractional 
Laplacian operator (—A)" in the sense [^, for more details see Sections 2. The norm of 
parabolic Morrey space M 2 a,'y will be defined at the end of this section. In what follows, 
we consider the system CH) in the case n/4 <« = /?< l(n = 2, 3) and a ^ 1/2 unless 
otherwise stated. We are now ready to state the main theorems of this paper. 

Theorem 1.1. Suppose that the triplet (u, h, p) is a suitable weak solution to (|l.ip and 
/ G with q > if 1/2 < a < 3/4; / € M 2 a,'y with 7 > 0 if 3/4 < a < 1 in M"’ with 
n = 2, 3. Then u and h can be bounded by 1 on [—^,0] x B(|) provided the following 
condition holds, 


sup / i\ur+\h\ ) + I I 
te[-i,o] Jb{i) 


for an absolute constant ei > 0 , where 


0 ( 1 ) 


2/3 


-b 


< ei, 

( 1 . 2 ) 


_ f ll/IUnod))- l/2<a<3/4, 

III/IIm,..,, 3/4<a<l. 

Remark 1.1. A slightly different version of Theorem 11.11 was obtained for the 3D Navier- 
Stokes equations by Vasseur in and the 4D Navier-Stokes equations in (see [l^ for 
the MHD equations), where all the proofs rely on the De Giorigi iteration. Here, we mainly 
follow the pathway of [ 1 , to prove this theorem. In contrast with the work of ( 3 . 24 1 . we 
will use estimate on pressure p in norm instead of L^Ll.{p > 1 ) norm utilized there. 
Moreover, Theorem o without the magnetic held seems to be a new regularity criterion 
for the suitable weak solutions of the fractional Navier-Stokes equations in which is of 
independent interest. 


Theorem 1.2. Assume that (u, h, p) is a suitable weak solution to (jl.ll) . then (0, 0) is a 
regular point of u{x,t) and h{x,t) if the following condition holds. 


lim sup 

r—>-0+ 


1 





+ |V*/l*|2) < 62 , 


n = 2, 3, 


(1.3) 
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for an universal constant £2 > 0 . 


Remark 1.2. In Vitali covering lemma utilized in together with Theorem 11.21 implies 
that the 5 — 4a (3/4 < a < 1) dimensional parabolic Hausdorff measure of the possible 
singular points set of u and h is zero for any suitable solution of (II.ip . which extends the 
recent work of Tang and Yu in the case 3/4 < a < 1. It should be point out, just as 
the 4D Navier-Stokes equations, that it is not known whether the suitable weak solution to 
the system dEU) exists. At least, we can obtain the partial regularity of smooth solutions 
of the 3D generalized Navier-Stokes equations with a = 3/4 at the first blow-up time. 


Remark 1.3. It worth noting that Tang and Yu 2^ proved (jl.3p without the magnetic 
field in under the condition that the force / lies in with q' > . Notice that 

A/ 20,7 T"? for q > when 0 < 7 < 2a and M 2 a,'y = {0} if 7 > 2a. Hence, the 

assumption on the force / in 2^ is relaxed. Furthermore, under the definition of regular 
point, the hypothesis that / E is optical in the sense of scaling. We mention 

that the Caffarelli-Kohn-Nirenberg theorem to the 3D Navier-Stokes equations with the 
external force belonging to parabolic Morrey space is due to the work of Ladyzenskaja and 
Seregin in 16|, where the proof relies on a blow-up procedure and compact argument. 


Since the existence of the magnetic field in MHD equations (|l.ll) , the proof of Theorem 
O is more involved than the generalized Navier-Stokes equations. Particularly, a difficulty 


arises when we deal with the case a = (3 < 3/4. As mentioned above. Lemma 2.6 in 2 ^ 


breaks down in this case. To build an effective iteration scheme via local energy inequality 
(j2.13p . our observation is that, under the hypothesis (II.3p . the right hand side of the local 
energy inequality (12.1311 should be seen as the magnitude like llttll^s (llhll?.-, ) rather than 




) 


\t3 

^t,x 


as usual. Based on this, we find that Lemma [Q established in the next section 

instead of Lemma 2.6 with a > 3/4 in 2^ works for a > 1/2. However, this makes the 
estimate of term ff u ■ 'V4>p be subtle. To this end, making full use of the interior estimate 


n-\-2a 

of Harmonic function, we could establish the decay estimate of pressure p — p in ” 
norm. Meanwhile, the divergence-free algebraical structure of (|l.ip plays a crucial role in 
dealing with the interaction terms between the magnitude field and the velocity field in the 
local energy inequality to avoid the appearance of terms similar to ||ri ||^3 . This enables us 

^t,x 

to achieve the proof of Theorem 11.21 


Partially motivated by the works BE I Ell . HH , we show that the velocity field plays 
a more important role than the magnetic field in the local regularity theory of the MHD 
equations (HI]). Precisely, we shall prove some interior regularity criteria which do not 
explicitly involve the magnetic field for the suitable weak solutions to the MHD equations 
dn]). Without loss of generality, we assume that / = 0 in the following theorems. 


Theorem 1.3. Assume that the triplet {u, h, p) is a suitable weak solution to (II.ip . then 
( 0 , 0 ) is regular point of (u, h) provided the following condition holds. 


lim sup 

r—> 0 + 


1 

j^n-\-3—Aa 



u\^dxdt < 63 , 


for an universal constant £3 > 0 . 


(1.4) 


Remark 1.4. It is worth remarking that the regularity criterion (11.41) is given just in terms 
of the velocity field u instead of the combination between the velocity field and the magnetic 
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field. Moreover, even for the 3D fractional Navier-Stokes system, although the extension 
of u appears in the righthand side of its local energy inequality, this sufficient regularity 
condition (|1.4I) does not involve u*. 


The key issue to prove (11.41) is to resort the appropriate test function to circumvent the 
straightforward control of the terms involving the magnetic field h and the extensions u *, h* 
on the right hand side of the local energy inequality (|2.13p . Furthermore, the magnitude 

9 /o 9 /o 

of the left hand of the local energy inequality likes ||/i|| /g (||p|| helps us to handle the 

‘.a: D.i: 

terms jj\u\\h\^ + \u\\p—pp\. This allows us to complete the proof of Theorem 11.31 Due to the 
pressure in terms of the the magnetic field and the velocity field, it seems difficult to extend 
the integral norms with different exponents in space and time in (11.411 . Using the completely 
different iteration scheme involving the pressure and a slight variant of treating the terms 
II + I'^lb “ Ppl ™ the proof of Theorem 11.31 gives the regularity conditions via the 

velocity with sufficiently small local scaled norm and the magnetic field with bounded local 
scaled norm. However, we would like to point out that we can remove the hypothesis of the 
magnetic held when (n + 4)/8<a = /3< 1. 

Theorem 1.4. Assume that the triplet {u, h, p) is a suitable weak solution to (II. ip . then 
( 0 , 0 ) is regular point of (u, h) provided one of the following conditions holds. 

(1) For any constant M > 0, there exists a positive constant ei{M) such that 


limsup r *■^^9 [ if \uf dx) ‘ ds)‘‘ < 64 , 

r —^ J^ JB[r) 

limsup / f ( f \h\^dx\~^ds\‘‘ < M, 

r-i^0+ \JB{r) ' ' 


where the pair {q, i) satishes 

2a — 1 < — H-< 2a, 1 < q < 00 , n = 2, 3. 

i q 


(1.5) 


( 1 . 6 ) 


(2) There exists a positive constant £5 such that 
limsup (" / f < £ 5 , (n + 4)/8 < a =/3 < 1, (1.7) 

r->0+ ' ' 

where the pair (£, q) satishes 

77- 2Q( TL 

2a — 1 < — H-< 2a, max 11, --1 < ^, n = 2, 3. (1-8) 

l q ^ 4a — n 

Remark 1.5. As a straightforward consequence of (jl.5p . Serrin type sufficient regular 
condition for the 3D generalized Navier-Stokes equations is obtained. More precisely, 
let (rt, p) be the suitable weak solutions to the 3D fractional Navier-Stokes system for 
3/4 < a < 1, then u is regular on Q{r/2) provided that u lies in L'^’^{Q{r)) with 
2a/q + 3/£ = 2a — l{i > 3/(2a — 1) or ||u||^oo,3/(2a-i)(Q(^)) is sufficiently small. 

Remark 1.6. We emphasize that the magnetic held with bounded local scaled norm in (II.5p 
is only used for treating the term H \u\\p — Pp\. 
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The remainder of this paper is organized as follows. In the next section, we will begin 
with some facts related to Caffarelli and Silvestre’s generalized extension and collecting 
some useful inequalities associated with this extension. Then we will present the definition 
of the suitable weak solutions and establish various dimensionless decay estimates. In Sec¬ 
tions 3, by means of induction argument, we complete the proof of Theorem ll.il Combining 
Theorem II.II proved in Sections 3 with the preliminary lemmas in Section 2, we prove The¬ 
orem [Q] as well as Theorem 11.31 and Theorem 11.41 in Sections 4. Finally, for completeness, 
an appendix is dedicated to proving inequalities stated in Section 2. 

Notations: Throughout this paper, we denote 


B{x,p) := {y € - y\ < /i}, 

B*{x,y) := B{x,fj.) x (0,/i), 

Q{x, t, y) := B{x, y) x {t - t), 

Q*{x,t,y) := B*{x,y) x {t - 

rfc = 2-^ Bk := B{rk), Bl := B*{rk), 


B{y) ■= 5(0,/i), 

B*{y) :=B*{0,y), 
Q{y) := Q{0,0,y), 
Q*{y) := Q*{0,0,y), 
Qk • ; 


B{y) ■■= 5(xo, y), 
B*{y) := B*{xq, y), 
Q{y) := Q{xo,to,y), 
Q*{y) := Q*{xo,to,l^), 
Ql ■=Q*{rk). 


The classical Sobolev norm || • ||i^s is defined as ||/|||^s = /^^(l + s € M. 

We denote by homogenous Sobolev spaces with the norm ||/||^,, = 

For q G [1, oo], the notation L'^(0, T; X) stands for the set of measurable functions on the 
interval (0, T) with values in X and \\f{t, •)||x belongs to T'?(0, T). For simplicity, we write 


II/IIl9’^(Q(ai)) ll/llL'J(-M2“,0;L^(B(Ai))) \\f \\Li{Q{/i)) ■— \\f\\Li’i{Q{ii))- 

The parabolic Morrey space M 2 a,'y is equipped with the norm 


\\f\\M2c,-y 


sup sup 

{x, t)£K.^ X (-T,0) R>0 



Denote the average of / on the ball B{r) by fj. and the average of p on the ball B{1) by pi- 
K stands for the standard normalized fundamental solution of Laplace equation in M” with 
n > 2. We denote by Div the divergence operator in and V* the gradient operator 

in |D| represents the Lebesgue measure of the set D. We will use the summation 

convention on repeated indices. C is an absolute constant which may be different from line 
to line unless otherwise stated in this paper. 


2 Preliminaries 


In this section, we first recall Caffarelli and Silvestre’s generalized extension for the fractional 
Laplacian operator (—A)® with 0 < s < 1 in [^. The fractional Laplacian can be interpreted 
as 


(—A)^tt = —Cs lim y ‘‘^dyU*, 
y^o+ 

where Cg is a constant depending only on s and u* satisfies 

f Div(7/^-2®V*n*) = 0 in 
I u*\y=o = u. 


( 2 . 1 ) 


( 2 . 2 ) 
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Furthermore, the Poisson formula below is valid 


u*{x,y) = Cn,s [ 

Jr 


„ (|^_^|2+y2)n^ ’ 


(2.3) 


where Cn,s is a constant depending only on n and s. In addition, from Section 3.2 in [3|, 
an equivalent definition of the norm reads 




Jr1+^ 


As a by-product of (j2.2l) . for any v\y=o = u, it holds 


/ 


—2s I V7*„.* |2 


V*u*\^dxdy < 


f 


—2s IV7* 12 


V*v\^dxdy. 


(2.4) 


(2.5) 


With (j2.4p and (j2.5p in hand, one can prove the following inequalities frequently used later: 

1/2 


\U — U,J 2n 


lull 2n ^ C 


< c 










u 


Bit,) 


1/2 


7/ 9 2n 


'L^'^iQit,/2)) 

j 

'B*{t,) 


< C 


y^-^^\V*v*\^Y‘^ + C{ sup 

/ \ _,.2a^t 


Q*ili) 


\u\ 


—/i2s<i<0 J Bit,) 


1/2 


^ l - 2 s |^*|2 < (-^ 2 - 2 s 


[ lup + C/i^/' 
JBiti) Je 




B*iti) 


yl - 2 s |^*|2 < ( 7 ^ 2 - 2 ^ 


Q*ip) 

lull 2n ^ C 

"l11=5¥(B(2/3)) 


Qit,) 


|up + CyP' 


Q*ip) 




i ’ 11=^ (Q(2/3)) 


< C 


( [ y^-^^\V*u*\^y^^ + C( [ 

^4S*(l) / 


1/2 


U 


sup 


Q*(i) 


-At2»<t<0 4B(l) 


1/2 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


For the proof, we refer the reader to 2^ and Appendix O 

Now we present the definition of the suitable weak solution to the MHD equations m- 

Definition 2.1. A triplet (u, h, p) is called a suitable weak solution to the generalized MHD 
equations dni) provided the following conditions are satisfied, 


(1) u,h€ L°°(0, T; L^{M.'^))r]L‘^{0, T; H^{R^)),p G L^/^{0,T-, 

(2) (u, h, p) solves li.il) in M” x (0,T) in the sense of distributions. 

(3) (u, h, p) satisfies the following inequality 

/ (|u|2 + |/i|2)^i(x,t) + 2C r / ^2(x,y,t)y'-"“(|V*u*|2 + |V*r|2) 

JK" J-r2 “ Jk ^+1 

<C f [ {\u*f + \h*\^)Div{y^-^^V*{ip2)) 

J-r^a 
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+ 

+ 


(lup + l/ip) dtifi+C lim ‘^°‘dy{(p 2 ) 
L y^0+ 


I / 

J-r^a Jm 

f f u ■ V (pi{\u\'^ + \hf + 2p) - 2 f 

J-r'^a Jgn J _ 


h ■ S/ipi{u ■ h) 



u ■ 

(2.13) 


where (pi{x,t) G x (0,T)) and lim ip 2 {x,y,t) = ipi{x,t). 

y^o+ 


A point {x,t) is said to be a regular point of the suitable weak solutions to system (ll.ip 
if one has the boundedness of {u, h) in some neighborhood of {x,t); the remaining points 
are called singular point denoted by S. 

Before we present the decay type lemmas, according to the natural scaling property of 
system dni), we introduce the following dimensionless quantities: 


Ei{u,r) = 

Peir) = 
Fiir) = 


1 


1 

j^n-\-2a—{4:a—2)£ 

1 


Q{r) 


lufdxdt, 

Q{r) 

\p — p^fdxdt, 


j,n+2a— 


Q(r) 


\f\^dxdt, 


and 

E^{u,r) = 


1 


rpn-\-2—A<y. 


Q*{r) 

E^{r) = E^{u,r) + E^{h,r), 


y^-^'^\V*u*\^dxdydt, E{u,r) = sup 


, rn+2-4.a / , , 

—r^°‘<t<0 X dB{r) 

E{r) = E{u, r) + E{h, r). 


\u\^dx, 


Note that, by the Holder inequality, it is enough to prove Theorem 11.41 for the borderline 
case njI + 2alq = 2a. Hence, we introduce the dimensionless quantities below 


Eq,i{u, r) = r 


-1 


B{r) 

Eq^i{r) = Eq^i{u, r) + Eq^i{h, r), 

fO 


ufdx] ^ dt] 


Pqdr) = r-("+2-4a) 


Ip — p^\^dx dt]''. 


B{r) 


q ^ 1 
g 


Lemma 2.1. For 0 < p < ^p, there is an absolute constant C independent of p and 
p, such that 


Ez{u,p) < C 


6+3n— 12 q 

P \ ^ _ 6a —n 




E—{p)Et {p) + C 




6a-3 


eP^{u,p). 


(2.14) 


Proof. With the help of the triangle inequality, the Holder inequality and (12.61) , we see that 


luh < C 


\u — Upp + C 


'Bin) 


'Bin) 


'Bin) 


< C 


U - Ur. 


2 \ 4q! 


S(f) 


S(f) 


In — Up I "-2“ dx 


(n —2ci) 

+C^ 


3n 
p 2 


\u\ 


B{p) 


3/2 














< c 


\U — Un 


"dx 


B(p) 


,l-2a 




B*(p) 


u*^dxdy^ 


+ C^ 

P 2 


B{P) 


3/2 


(2.15) 


Integrating in time on (—0) this inequality, we obtain 

p Qot — n pr 

\u\^<c( sup / \u\A~ 

)Jb(p) ' J- 


Q(m) 


JB{p) 

n-\-2ot 




1 —2q;Iv7* *|2 I 

y IV u ' ' 


B*(p) 


f I |2\3/2 

+ C—3^ sup / |u| 

p2 ^-p'^°‘<t<o Jb{p) ' 


4a —n 

<CpL 2 I sup / |ur 

-p2a<t<0 7_B(p) 


2 \ 4a 


Q*(p) 


yl-2a|v*^*|2^4a 


,,n+2o 


( =up f 


p2 ^-p'2°‘<t<0JB(p) 


which leads to 


6+3n —12a 

P \ ^ 6a—n 

E 4a 


i^3(n,M) <C( ^ 


This achieves the proof of this lemma. 


jn_ 


□ 


To prove Theorems 11.2111.31 and 11.41 we need different decay type estimates involving 
the pressure. 

Lemma 2.2. For 0 < p < there exists an absolute constant C independent of p and p 
such that 


(2a+n)(n+2 —4a) 

Pn+2a (U)<C( " E^{p)E,{p)+C 


8a^+2a(n—1)—n 


71+2—40; 


^3/2+) - 


1 
Q 

P \ 2 , „l P 


pj 


4a-f-l 


Pq',B{p) < C' ( ' e\{p)eI ^(p) + c (^ ) P,',£'(/>), 


6+3n— 12a 
2 


P, 

71+3—4o 


P—(p)P-(p) + C(^j P3/2(/>), 

8a-3 


( \ 71+C)—40 ^ ^ / \ 2 

E{p)-.E,{p)^-^EM + C^i^^j P3/2(p), 

where the pair is the conjugate index of {q, i) in (II.6|) . 


Pn+2a(p), (2.16) 

n 

(2.17) 

(2.18) 
(2.19) 


Proof. We consider the usual cut-off function f G C^{B{p/2)) such that (/> = 1 on B{^p) 
with 0 < (/> < 1 and |V(/)| < Cp~^, < Cp~‘^. 

Due to the incompressibility, we may write 


didiipfj) = -(jdidj [Uij - Hij] + 2di(l)dip + pdidif), 
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where C/jj = {uj - - Uip/ 2 ) and Hij = {hj - hjp^^){hi - hip/ 2 )- This yields that, 

for any x G B(^p), 

p(x) =K * {-(pdidj[Uij - Hij] + 2di4>dip + pdidicf)} 

= - didjK * {c^[Ui,j - Hi^j]) 

+ 2diK * {djC^[Ui,j - Hij]) - K * {didjC^[Ui,j - Hi^j]) (2.20) 

+ 2diK * (dicpp) - K * (didicpp) 

=:Piix) + P 2 {x) + Psix). 

Since </>(x) = 1 when x G Bip/A), we know that 

A(P 2 (x) + Psix)) = 0. 

By the interior estimate of harmonic function and the Holder inequality, we see that, for 
every xq G Bip/8), 

C 


|V(P2 + T’3)(xo)| < ■^^;^||(T2 + P3)\\L^B^g{p/8)) 


11(^2 + P3)\\L^(Bip/4:)) 


^ c 

- pn+l 


which in turn implies 

l|V(ft + < C,,-I"+’)||(F3 + P,)\\UBMt)y 

The latter inequality together with the mean value theorem leads to, for any y < ip, 


ll(Fa + Fs) - (ft + ftj^lli,,,,,^,, <Cm"\\{P2 + Fs) - (ft + ft)„||i„,^,^„ 

<C,,”+'>||V(ft + ft)||’„,„l^/,„ 


<c(^)’‘"’||(ft+ft)r„,^,^/„,. 


'p\n+q 

^p) 

Integrating the latter relation in time on (—|U^“, 0) for q = , we infer that 

<ci^A 


_ n+2ct / /; \ n+2a 

\\iP 2 +Ps)-iP 2 + Ps),.\\ n+ 2 . <C A " 11(^2 +sP3)ll "+ 2 . 

L — {Q{p)) \pj L—(Q(p/4)) 


Notice that (T 2 +P 3 ) —(P 2 + Ps)p/ 4 , is also a harmonic function on Bip/A), then the following 
estimate is valid 

_ n+ 2 Q 

11(^2 + Ps) - (T2 + H3) II "+2a . 

L n (Q(p)) 


<C{A. 
.pj 


PY+ 


n+2oL 


n-\-2oL 


11(^2 + Ps) - (T 2 + Ps)pli\\ ■ 

L r, (Q(p/4)) 


In the light of the triangle inequality, we have 


II (-^2 + Ps) — (-P 2 + Ps)p/i\\p^^+Y 
<\\p - Pp/4ll^Ii^(Q(^/4)) + \\Pl- PlpApild^ 


(Q(p/4)) 

L"^(Q(p/4)) 
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which in turns yields 


n+2a 


ll(-P2 + P 3 ) — {P 2 + -Pa),,!! n+ 2 a 


II n-hza 




n+ 


n + 2a 


n-\-2a n-\-2a. 

p-PpW +ll^ill , ,,, 

L n (Q(p)) L n (Q(p/4)) 


( 2 . 21 ) 


Utilizing the Holder inequality and (|2.6p . we see that 


L 


2{n+2a) ~ / I o 

U-Up/ 2 \ " / \u-Up/2\dx 

B(p/2) ^ Jb{p/2) 

2a 

u\‘^dx 


B(p/2) 


- «p/2h-2“ dx 


< C 


B(p/2) 


< C{ I \u\‘^dx 
Ib{p) 


\u — Up I "-2“ dx 

B{pl2) 

y^-^^\V*u*\'^dx]. 


B*{p) 


According to the classical C alder on-Zygmund theorem and the latter inequality, we get that 


/S(p/4) 


rt-{-2a _ f 2{n-\-2a) _ 2(n+2Q:) 

\Pi{x)\~^ dx <C \u-Up/ 2 \ ” +\h-hp/ 2 \ ” dx 

Jb( 


lB{pl2) 

<c( [ \u^dx 

^Jb{p) ' ^JB*{p) 

+ c( [ \h\^dx)^ 

^JBip) ' '■JB^ip) 


, 1 — 2 q: I V7*^ .* 12 


V*u*\^dx 


yl- 2 a|v*/j*| 2 ^^ 


( 2 . 22 ) 


which obviously implies that, for any fx <\p, 


/ |-Pi(a^)| ^ dx<c( / \u\'^dx 

'B(p) ^Jb{p) ' ^Jb*(p) 

+ C( [ \h\^dx)~ 

^Jb{p) ’ ^JB*{p) 


,1—2q: I V7*^ .* |2 


V*u*\^dx 


y^-‘^^\V*h*\^dx 


(2.23) 


Let T = {n + 2 — Aa){l + ^), then, it follows from (|2.2ip - ()2.23p that 


1 


<ci^ 


\p-Pl 


n+2a 


-p^°‘<t<QJB{p) ' ^P J JQ*{p) 


2 \ " 


2 q -1 

rj, / -L 




1 


^n+ 2 —4q; 


sup 


+ C( ^ 
p 


P'' ^P"-'‘- -p2«<t<0 Jb(p) 

8 Q:^+2Q:(n—1) —71 


|L|‘ 


2 \ ^ 


2a -I 

71, / J- 


7 7q*(p) 


yl- 2 a|v*/^*| 2 ^ 


4 // b 

P ^^Q(p) 


71 + 20: 


Pp 


(2.24) 


which turns out that 


Pn + 2. (u) <C[P 

\P 


(2o+7i)(7i+ 2—4o) 

P \ ^ _2o 


E^{p)E,{p) + C{^^ 


8o'^+2o(71 —1)—71 


Pn+ 2 ++. (2.25) 
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In view of (j2.6l) . we know that 


_ 1 1 

11'“ “ '“p/2|IlV,2«'(q(p/2)) < C\\u — 'Wp/2|l2,oo!2(Q(p/2)) 11“ “ "“p/airj, 


i (Q(p/2)) 


< 


(2.26) 


where a/q' + n/{2i') = n/2. A slight modification about the proof of (|2.24p together with 
the latter inequality (I2.26p gives (I2.17p . 

Next, we turn our attention to proving (12.191) . It follows from the Holder inequality and 
(IBD that 

\W-Up/2\\l3{Q{p/2)) -^W'^ ~ '^p/‘2\\li^‘{Q{p/ 2))\W - Up/2\\,2i' ,Q,p/2)) 

2 2—2 (2.27) 

where Q!/( 7 ' + nj{2i') = n/2. Along the exact same line as in the proof of (I2.24p . we obtain 

(ITT91) . 

It remains to show p2.18p . Indeed, in the light of the Holder inequality and (12.611 . we get 


\u 


Ib(pI2) 


— Up/2\^ < C 


\u 




-UpM' 


2 \ 4a 




'“p/2 I' 


(n —2a) 


< C 


\u 


6a —n 
| 2 '\ 4a 


B(p) 


l-2a|y*^*|2 


B*ip) 


Integrating this inequality in time, we deduce that 


p 6a-n pO 

^-Up/ 2 f<c( sup / \uf) / 

^ -u'^°‘<t<oJB(o) ' J- 


-p 2 “ Js(p) 


-p2a<4<0 Jb(p) 


4a —n 

< Cfi 2 


sup 


/ 


m 


' — 

6a—n 
| 2 \ 4a 


1 — 2q|w* H:|2 I 4a 

y |V u ' ' 


B*(p) 


Q*(p) 


^l- 2 a|v*^*| 2 \ 4. 


' -p 2 “<t <0 4B(p) 

With this inequality in hand, the rest proof of p2.18p is parallel to the one of p2.25h . Thus, 
the proof of this lemma is completed. □ 


A slight variant of the proof of [3, Lemma 3.2, p.786] yields the following lemma . 

Lemma 2.3. For any y < l/2p, a constant C independent of y and p exists such that the 
following estimate is valid 
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Proof. Replace the cut-off function </> in (l 2 . 2 Up with ^|J chosen such that ifiy) = 
1 on B{xo, 3/4p),V’(?/) = 0 on B^{xo, p) and < C {k = 1, 2 ). First, we 

may write 


Pi = - did,K * - p,,,]) 


I 

K{\x-y\) 

/\y-xo\<2p 

*- -* 


+ / 

J|y-xo|>2/i 

= :Pll -I- Pi2. 


dip K{\x-y\) [f}{Uip - Hip)] 


Due to the classical Calderon-Zygmund theorem, for any p < l/2p, we see that 

11-^11 IIl3/2(S(ii)) - + II^IIl3(s(2ij)))’ 

which together with the Holder inequality implies that 


[ |u||Pii - Piig( J < / k||Pii|-F 
Jb(h) JBiiJ.) 


[ |u||Pn|+/ 

JB{ii) -JBiii) 


MPr- 


P(m)| 


- II''^IIl3(b(^))II-Pii|Il 3/2(^('^)) + lkllL3(B(^))||Pll||i;^3/2(B(^)) 
< P^\\'^\\L3{B{ii))(\\'^\\L3{B{2ii)) “*■ II^IIl3(b(2ij)))- 
By a straightforward computation, for any |a: — xo| < p, we have 

|VP12(X)|<C / 

J2fi<\y—xo\<p \y ®o| 

|VP2(x)| < 


up + Ihp 


' + \hf [ 

|VP 3 (x)| < / \p\ < Cp-(2-+3)/3(' f \pfpy^\ 

Jb{p) ^ Jb(p) ^ 

Using the Holder inequality and the mean value theorem, we observe that 


2/3 


/ W\\Pl2 

Jb{p) 


-Pi 



1/3 


<^^(2n+3)/3/ f 

^ Jb 

By similar arguments, we can get 


u 


u 


sup |Pl 2 -Pl 2 s(^)| 

x£B{p) 

1/3 


sup IVP 12 I 

xGB{p) 


B{p) 


1/3 


L 


|up + |/lp 


2p<\y—XQ\<p \y ^0 


72+1 


dy. 


Jb{p) ^Jb{p) > ^Je 

ys(At) ^JB{p) ' ^Je 


>B(p) 

f 

Ib{p) 


Inp + l/ip 


2/3 


2/3 


Putting together with the above estimates and integrating in time yield the desired estimate. 

□ 
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3 Induction arguments 


Based on the induction arguments developed in [2l.l24l.l25l|. this section contains the proof of 
Theorem ll.il Before proving Theorem ll.il we present a key proposition, which can be seen 
as the bridge between the previous step and the next step for the given statement in the 
induction arguments. Moreover, as a by-product of this proposition, we obtain a corollary, 
which help us to circumvent the straightforward control of the terms involving the magnetic 
field h and the extensions u*, h* in the local energy inequality (j2.13p to conclude the proof 
of Theorems 11.31 and 11.41 

Proposition 3.1. There is a constant C such that the following result holds. For any given 
(xq, to) € K” X and ko G N, we have for any k > ko, 


sup 


/ 




+r 


—n 

k 


y 




Ql 


<C 


sup 




Jb 


{\u\^ + \h\^) + Cr 


—n 

fco 




Q 


kQ 


(3.1) 


+ 


k k 

ff- (Wf + \h\^ + Mp-Pi\)+C^r/( U |u| 

l=ko l=ko 


1/3 


where 


(y, 


= 


2a — 


n + 2a 

q 


LTQW) 


7, II/IIm2, 


1/2 < a < 3/4, 
3/4 < a < 1. 


Proof. Without loss of generality, we suppose (xo,to) = (0,0). Let r(x,r^“ — t) be the 
fundamental solution of the backward fractional heat equation 

Ft - (-A)“r = Ti + lim y^-^^dyF* = 0, (3.2) 


where T* = r*(x, y, — t) is the extension of r(x, — t) in the sense (12.21) . Then, by 
means of the Poisson formula (12.31) . we have 




n + 2a • 


(|x-^| 2 +y 2 )^ 


(3.3) 


To proceed further, we list some properties of the test function r(r|"—t, x) (whose deduction 
can be found in [^): 


r(x, rjP — t)dx = 1, 


C-\rl--t) 


<T{x,rl^-t)< 


((r2“ - t)^ + |x|)”+2" 


C(rf-f) 


((r2«-t)2iJ +|x|)^+2« 


|Vr(x,rf-t)|< 


C(rf-t)i-^ 


{{rl°‘ -t)^ + |x|)”+2"' 


(3.4) 

(3.5) 

(3.6) 
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„2a ,m / C|xi - X2(r|" - t)^ 2- 


|r(xi,rfc" -i) -r(x2,rfc" -t)| < 


((^i" -i)2“ + {\xi\ A |X2|)) 


n-\-2a 


, 5€(0,2aAl). 


(3.7) 


Consider the smooth cut-off functions below 


and 


Mx,t) = 


My) = 


1 , {x,t) € Q{rko+i), 

3 

0, {x,t) e Q'^i-rko+i)', 


1, 0<y < rko+i, 

3 

o> y> 2 ^ko+i, 


satisfying 

0 < (pi, h <rlo\dtMx,t)\+rl.Jdl.Mx,t)\ <C and rl.Jd’yMy)\<C- 

Notice that lim r*(/)2(?/) = T, therefore, setting ipi = (piT and (p 2 = (I)i(p 2 ^* in the local 
energy inequality (I2.13I1 . we see that 

[ {\u\M\hf)Mx,t)r + 2C [' [ p)iP)2r*y^-^^{\v*u*\M\v*h*f) 

kQ + 

r / {\u*\M\h*\^)Bw{y^-^^V*MP)2r*)) 

J-rf°‘ Jr'1+^ 

kQ + 

r / {\u\M\h\^)\Mr)t + c ihn y^-^^dyM(P2r* 

J-r?“ JR^ L J/->-0+ 


<c 






+ 2 


/ u-VMT){\u\M\h\M2p)-2 [ 

JR" J- 

[ u-f{4>iT). 

“ jR" 


h-VMT){u-h) 


feg 


(3.8) 


First, we present the low bound estimates of the terms on the left hand side of this inequality. 
Indeed, with the help of (13.51) . we find 


fi-l/ 2a _ 

r(x, M -t)> — -> CM, -M <t<0,xeBk, (3.9) 

((r|" — t) 2a + |x|)”+ 2 “ 


which means that 


IB, 


{\u\M\h\Mi'^>C-f {\u\M\h\ 

JBk 


For each y € [0,rfc], x G B^, the triangle inequality allows us to get |^| < 2rk under 
the hypothesis |x — ^| < \y\, then arguing in the same manner as (|3.9p . we know that 
~ t) > Crpp^ if 1^1 < 2rfc. According to the Poisson formula (j3.3p . we see that 


F* > 


f r"r(g,rf-f) 

V-?l<H(|x-eP+y2)^ 


< > CM, 


15 










which in turns implies 


[ [ (/>i(/)2r*yi-2"(|V*'u*p + |V*/i*p) > // 2/1-2"(|V*w*p + |V*/i*p) 

JJqi 


Secondly, we turn our attentions to the right hand side of p.Sp . Since F* is the extension 
of r in the sense (|2.2p . namely, Div (2/i-2"V*r*) = 0, we write 


Div(yi-2"V*(</.i</.2r*)) 

=(1 - 2a)2/-2"r*<^i5j,,^2 + 2/i-2“r*Div (V*(</.i</)2)) + 22/1-2"VT*V*(</.i.^ 2 ) 
=(1 - 2a)y-^^T*ct>idy<l,2 
+ y^~‘^'^T*(t)idyy4>2 + 2/^"^“r*2/)2A0i 

+ 2y^-^^(i),dyr*dy(^2 + 22/i-"“</)2vr*v,/.i 
=-h + hi + h2 + -^31 + h2- 


Thanks to the support property of dy(j) 2 -, the estimates of Ji, 121,^31 are easy. Using the 
Poisson formula (j3.3p and (j3.4p . we arrive at 


dycl> 2 T* < Cy 


—n—1 


T{i,ri^-t)di<Cy 


—n—1 


By the latter inequality and (I2.10p . we know that 


\u 


kQ + 




< C sup 


2/1-2 "|w *|2 


Q 


kg 


.L 


l“t + Cr,-" 






Likewise, 


2/1 -^“|V*u*| 2. 


r / \h*\Hh + hi)<C sup -f \h\^ + Cr7^ [[ 2/^-"“|V*r'2 


It follows from the Poisson formula (j3.3p that 

2 a I ^'"1-^ — <51 y — ny 


JR’- 


9yr*(x,2/,rfc" -t) = 
which implies 


ni,rl^-m<Cy 


(|x-ep + y2)^+i 


—n—1 


(3.10) 


[ [ {\u*f + \h*\^)hi 


<C sup 


L 


where we have used (I2.10p again. 


H^+\h\^)+h: 


2/i-2“(|V*n*|2 + |V*h*|2), 


Q 


kg 


It is clear that 


A(j)i 


f r"r(g,r2 "-t) 

'kl<2-V,„ (|x-e| 2 + 2 / 2 )^ 


< \A4)i\ 


(|x -^|2 + 2/2)t 


d^ < Cr 


—n—2 

ko 
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Thanks to (|3.5p . we have 

Consequently, by ()2.10p again, we find 

r / {\u*\^+\h*\^)L 


/ 

Jw 


.2a 


(|x-e |2 + y 2 )=^ 


< < Cri:;. 


22 


ko 


<C sup 


Jb. 


lul"! + + Cry 


Q 




kQ 


Moreover, some straightforward computations give 

-t) 


(|x-^|2+y2)^+l 


Vr* (x, y, - t) = - (n + 2a) [ 

JR’ 

2a) [ ~ ~ 

jR’ 


= -(n + 

The latter relation leads to 

I 32 < C4>2y 


7 

JR’ 


(|x - .^|2 + y2)"+2^“+l 

|V^i||r(e,rf-t)-r(x,rf-t)| 


I V- I o o \ 

+2/ ) 2 


'-d^. 


By the Holder inequality, for any y <rkQ, we easily verify that 


n 

u{x) + / 
Jo 


drU*dz 


\u*{x, y)p = ^ 

< C\u{x)f + Cy^^ 
which in turns implies, abusing notation slightly. 


JO 


* * I 2 7 

u \ dz^ 


f / 

J-r?“ Jr 


n + 1 


\n*\^h2 


<C 

<C 

<c 


Q 


kQ 


Q 


kQ 


/32(k(x)P + z^-^^\V*u*fdz) 

(|uWI’ + .- rb‘--|V.-|’d.) f 

^ o/o ^ (k^ — £r + 2 


QkQ 


|m(x)P 


|V,/.i||r(g,rf-t)-r(x,rf-f)| 


_ C\n—l-\-2oL 




di 


+ Cr 


y ^" 2 a | y *^*|2 


|v</-i||r(e,rf-t)-r(x,r2«-t)| 


Ql 


kQ 


where we have used the fact 

rrkQ 


I 


dy'^ 




0 (|x-e|2 + y2)=±^ ^ |x-^| 


n—l-\-2a 


d^, 


(3.11) 


C 


\n—l-\-2a * 
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For any x belonging to the support of V^i, it is valid that |a; — ^| > for either 

1^1 < l/drfcg or |,^| > 2rfcp. Then, we deduce that 


+ 


l?l<l/4rfco J\^\>2rko) |x - 

r(e,rf+ 




'l«l<l/4r'feo 


+ Cr 


— (n—1+2 q) 
ko 


m,ri^-m+cr^ 


'lCI>2r-feo 


—n 

ko 


1 


h-?l>i/4?-fe„ 


|a;-CI 


n—l-\-2a 


di 




where we have used p.4ll and (j3.5l) with > |x| > In light of (13.7p . for 5 G (2a—1,1), 


we see that 


|r(^,r2“ -t) -r(x,r^" -t)| 


'l/4rfco<|e|<2rfc(, 


_ ^172—1+20; 


I®-Cl 


di 


<c 


I 


(rf(rr-i)^+(NA|CI) 


—72—2q; 




l/4rfco<|«|<2rfcg 

—n—5 I 


1 


'|a;-5|<4rfejj 1^ Cl 


n—l+2a—S 


^ ^|72—l+2a—(5 

dC 


-dC 


— KO 

Substituting the above estimates into ()3.1ip . we arrive at 


. 

Jr 

ko 


\u*\ h 2 < C* sup 
^"+1 -rll<t<QJBko 


I 


“I"+'■r,” 




Q 


ko 


Likewise, we have 


[ \h*\^ 

Jr”+i 


h 2 <C sup 


ko + 

We deduce from ()3.2p that 






—2a |^*/|* 1^ 


((()ir)t + lim ^"5y((/>i(/)2r*) = 5t(/)ir. 
y-i.O+ 


As the support of dt4>i is included in from (|3.5p . we get 


f i 

J-r?°‘ JR' 


(|uF + \hf) i(f)iT)t + lim ^'^dy{4>i(l)2T*) < C sup 


y^0+ 


-r2-<t<oJSfco 


/ {\u\^+\hn 

Jbu„ 


It follows from (j3.5p and (j3.6p that 


r < vr < on Qi/Qi+u 

r < Cr-^, vr < on Qk, 
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which yields 


u-V{(j)iT)i\u\^ + \hf) 


Q/cq 


fc-1 

sE 


_ (|u|3 + |;,f)|v(*r)|+// (|u|=> + |/>|3)|v(*r)| 

(N® + l'■l“)■ 


l=ko 


Exactly as in the above derivation, we derive from the Young inequality that 
t k 

[ h-S/{hT){u-h)<Cy^r^^-^ 

Qi 


t ^ 

[ [ h-V{hT){u-h)<Cyy-^ U {\u\^ + \hf). 


' kQ “ “ l = ko 

For any 1/2 < a < 3/4, using the Holder inequality twice, we get 

L L ^ t <IL "VI 


2/3 


Kq 


< 


l=kQ 

k 

cE- 

l=ko 


2a- 


n + 2a 




1/3 


Q(1) 


i/r 


1/9 


Similarly, for any 3/4<a<l,we arrive at 

ct >• k 


VIS V«, 


Now, let us turn to the term involving pressure in ()3.8I) . Before going further, we set Xz = 1 
if |x| < 7/8r; and x« = 0 if |x| > r;. Thanks to the support of {xi — X«+i)j we derive 
|V((xz — X«+i)</'ir)| < from (13.5|) and (13.6|) . With the help of (13.5p and (13.6p 


again, we see that |V(xfc0ir)| < Cr^ Thus, thanks to the divergence free condition, 

we have 

k—1 

[[ u-v{(i)iT)p = y2 [[ u-v{{xi-xi+i)^i'r){p-Pi)+ [[ u-v{xk(t>i'r){p-Pk) 

QkQ l = kQ Qk 

<cyy-^j^ \u\\p 


pi\ 

l=ko •' •^' 3 ! 

Finally, collecting the estimates we have obtained leads to (j3.ip . 


□ 


A slight variant of the above proof provides the following corollary, which allows us to 
complete the proof of Theorems 11.31 and 11.41 

Corollary 3.2. For any p < 1/8/9, there exists a constant C such that the following result 
is valid, under the condition / = 0, 

ia-2 


/ U \ Z 

E{p) + E^p) <Cy) {E{p/4) + E,{p/4)) 
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+ C(^y^' V^-+3-4«) ff + (3.12) 

JjQip/A) 

Now, we are in a position to prove Theorem 11.11 


Proof of Theorem \l.l[ In what follows, let (xo,to) € <5(1/8) and = 2 According to 
the Lebesgue differentiation theorem, it suffices to show 


ff |ttp + |/i|^ + min |l, ® | TT 

J jQk ^ ^ J JQk 


-Pk\<£l^^, k>S. 


(3.13) 


First, we show that the latter inequality is valid for k = 3. In fact, by means of interpolation 
inequality, the Young inequality and (|2.12l) . we infer that 


N 1/3 

) <C 


Q(2/3) 


2n+4a 
\U\ ri 


Q(2/3) 

sup 


2n+4a 


< C{ sup / \u\ 

' B(l) 


2\ 2(n+2a) 


-(|F° 


2n 

m n — 2a 


B{2/3) 


n — 2a a 


n \ n+2Q: 


< C ( sup / |ri| 
■ -l<t<0 Jb{2/3) 


1/2 


+ c 


(2)2« '■JB{2/3) 


< C{ sup / ^ +C 


y 


1—2 q: 


-^1 n—2oi 
1/2 


It turns out that 


Qs 


\uf) 


1/3 


ImP + l/iP 


Q 2 


2/3 


■-l<t<0jB{l) ^ ^JJQ*{1) 

// + \hf < Cel^\ 

JjQs 

Applying Lemma with /t = 1/8 and p = 1/2, we observe that 
\U\\P-P3\ 

J Q3 

<c' 

+ c 

+ c 
<c 

^JJq(2/3) ’ ^JJq{2I3) 

+ c([[ |wp) ^ sup [ (|up + |/ip)dy 

Jq{2/3) ^ -(2/3F“<t-tn<0 Jlul<l ^ ^ 

/ /■/■ „\l/3/ /■/■ 


(3.14) 


m 


Qs 


1/3 


/ I In+l 

-(i)2“<i-io<0'^i/4<L-xo|<i/2 |y 3:o| 


|uP + |h|2 




tt 


Qs 


1/3 


u\’> + \h\f'\c[ff H=) 


Q(l/2) 


1/3 


0 ( 1 / 2 ) 


2/3 


n 


1/3 


bP + \hf 


2/3 


'0(2/3) 
which means 


Q q\2/3 

bp + b|3j +C 


0(2/3) 


0(2/3) 


1/3 


0(2/3) 


2/3 


(bP + bp) + min I 


i> i-s" }blb-P3l < £ 1 ^^- 
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This proves (|3.13p in the case k = 3. Now, we assume that, for any 3 < I < k, 
J-j- |u|^ + |hp + min |l, ® | \u\\p — pi\< . 


For any 3 < i < fc, by Proposition 13.11 (jl.2n and the above induction hypothesis, we find 
that 


sup 


-r2“<t-to<0 JBi 


L 


(|ur + |/in + r-" II +|V*rr) 


<C sup / (|up + |/ip)+ |V*r|^) 


) J B3 


Qi 


+ c 




1=3 


\\P-Pi\) +C'^r/(^ U- |u| 

l=z JJQi 


1/3 


(3.15) 


<Cei + C ^ max{r;^" ^ ^ 


1=3 


1=3 


<CefK 


Making using of the Holder inequality and (|2.7p . we obtain 


/ 

•J Bk+i 


\u\^dx < C 


\Adx 


Bk+i 


Qot — n 
4a 


2n 

\u\ "-2“ dx 


Bk+i 


(n —2a) 
4a 


< C 


2 \ 4a 




1/2 


+ rl 


Bk 


1 / 2 ' 


which yields 


|it| <C[ sup 
Qk+l -r\° 


^ 6a —n ^ ^ ^ 

|2\ 4a 2o(l-j^) 


3/2 




Qt 


sup 
'k^<i 


This inequality, combined with (|3.15p . implies that 


n+2a 
^k+1 -'-'Qfc+i 


kP <C 


1 


sup 


+ C 


<Cei. 


I’fe -rl°‘<t-to<OJBk 

1 


3/2 


sup 


\u\ 


2 \ 4a 


-r1°‘<t-to<0 J Bk 


^l-2«|v*^*|2A4a 


Qt 


Arguing in the same manner as above, we see that 


1 


■ / f \hf 

J J Ot. I 1 


^ fc+l Qk + l 


< Cei. 


(3.16) 

(3.17) 


Employing Lemma 12.31 with p = r^+i and p = 1/2, we arrive at 
1 


„n+3—4 q! 


' fc+1 


Qfc+i 


\u\\p-Pk+i\ 
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<c 


1 

n+3—4a 
k+1 


n 


Qk+l 




_|_ ^^4a-l / ^ 

+ '-^^fc+l I n+3-4a 
' fc+1 


Qk + l 


1/3 


-rllj^<t-to<oJrk<\y-xo\<^ \y 


|4tp + \h\" 


dy 


+ C ( rfc_|_i 


+ C* 


a-l / 1 


n+3—4 q 
'fc+1 


n 


Qk+l 


|a-l / 1 


n+3-4Q 
^ /c+l Wfc+1 




1/3 


1/3 


InP + 1/;'^ 


Q(i/2) 


2/3 


2/3 


/Q(l/2) 

A simple computation together with (j3.15j) yields 


I 


rk<\y-xo\<^ \y ^0 


Z=1 J i’i+i<\y-xo\<ri 
k 

„-l 2/3 


|y - xo 


n+1 




Z=1 


which implies 


n-\-2a I I ~ 
^fc+1 


kIb-Pfc+il 


'fc+l 


1/3/ 1 


n+2a 


bP + |/iP 


Qk 


2/3 


+ Crfc+i£2/='(^ // in 
'/c+1 '^Qk+l 




/ = 1 


3-4q / 2 


3-40: / 

+ CVi ( 

3-4a , \ 


^"■+2“ , 

'fc+i -i-iyfe+i 


3-4o / 

+ CVi ( 


ri.+2Q I I ~ 

^/c+1 


\U\ 


\U\ 


1/3 



|ttp + 


2/3 


Q(2/3) 

1/3/ /■/■ , ,,/^x2/3 



Q(l) 


"■^“-4/3 , ^ 4/3^ 


<C(2.i+r,^\ er' + i-.A er) 

3-4o 


where we have used p.l6D . (I3.17p . (I3.14p and (|1.2p . 

Collecting the above bounds, we eventually conclude that 


U 


'^Qfc+ 

This completes the proof of this theorem. 


4a-3 r r 

(|up + |/ip)+min{l, } j-j- \u\\p-pk+^\ 

-1 y y Qk+l 


< sT. 


□ 


4 Proofs of Theorems II.2L 11.31 and 11.41 


This section is devoted to proving Theorems 11.21 11.31 and 11.41 More precisely, based on 
Theorem 11.11 we will exploit appropriate iteration scheme via local energy inequality (12.1311 
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with respect to different smallness hypothesis condition in these theorems. Our fundamental 
tools are the decay type lemmas established in Section [2] and Corollary 13.21 in Section [3l 
Eventually, an iteration argument helps us to finish the proof. 


Proof of Theorem 1.2. Consider the smooth cut-off functions below 

1, (x,t) G (3(/r), 


and 


satisfying 




(t>2{y) = 


0 , (x,t) G Q''(2/r); 
f 1, 0 < y < /r, 

I 0, y > 2/i; 

.Ual 


0 < (/)i, (/>2 < 1, < (7 and 11 \dy(l> 2 {y)\ < C. 

Choosing (pi = (fi and ip 2 = 4>i4'2 in the local energy inequality (|2.13l) and utilizing the 
incompressible condition, we deduce from (|2.10l) that 


sup / 


kr + |/ir + 2C 


Q{2p.) 


JJq*m ^ ^ 

(|u|2 + |/i|2) + C [[ Wp + |V*/i*p) 

J Jo* (2u) 


+ Cfx-^ 
+ Cfr-^ 


Q{2p.) 


Q{2ti) 


lQ*{2p.) 

(|rt|||tt|^ - Itipl^ll -f 2|rt||p -Ppl) 


\u ■ h — Up ■ hp\ +2 


Q{2p) 


uf. 


(4.1) 


According to the Holder inequality, (12.6|) and (12.71) . for any /i < p/4, we know that 


2 \;r. | 2 | 


m u — \u 


'B{2P) 


C n — 2cx. /» 

[ \ufn/in-2a)\ 2 „ / f 

^ Jb(2P) ’ ^Je 


5(2/.) 


\U + Up\^ 


1/2 


_77 |2n/(n-2a)\ 2 


\U — U 


5(2/.) 


(Aa — n) 

<0^—^ 


(4q; —n) 


5(p/2) 


|^|2n/(n-2a) 


5(p/2) 


\u + Up\ 


1/2 


5(p/2) 


\U - 



+ P~ 


(4q; —n) 

<Cn^- 


B*{p) 

In|2 


B{p) 


B*{p) 


1^1 

J ^75(p) 

l/l-2a|V*^*|2 


1/2 


1/2 


^Jb*(p) ' 


1/2 


m 


B(p) 


(p) 

1/2 


(4q: —7i) 


\u\‘ 


B(P) 


B*{p) 




1/2 


From the triangle inequality, arguing as the latter inequality, we infer that 

L 


lB{2p) 


\u ■ h — Up ■ hp\ 
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< 


/ |/iu| |/l — /lp| + |/l| |u — tip| |/lp| 

Jb(2u) 

( [ \h\2n/(n-2a)\ — f f [ |/i _ 2V(n-2a) 

^Jb(o/2) ^ ^Jb(p/2) ^ ^Jb{p/2'] 


<Cfi 


B(2p) 

(4a —n) 


>B(p/2) 

i 

Ib{pI2) 
‘(P) 


+ [ \h\‘in/{n-2a)\ 2" / f [ \u - 

^Jb(p/2) 2 ^Jb{p/2) ' ^Jb{p/2'] 2 


n — 2a 

2a) ^ 2 ra 


S(p/2) 

1/2 


[ y^-2“(|V*n*p + |V*/i*p)) ( [ (|n|2 + |/j|2)'\ 

^Jb(p) ''^Jb*{p) ^ 


lB{p) 

As a consequence, we know that 

1 


JjQip) 


tt| I |u|^ — jUpl^l + |/l| |u ■ /l — Up • /lp| 


- (^n+2-4a 


Q*(P) 




^^(02(-+2 4a) «( 1_ y |^|2 + |/,|2^ 

-p^°‘<t<0 JB{p) ' 


1 


^n+2 —4q II 

P JJQ*{P) 




1/2 


<c 


/9'\|("’+2-4a) 

P 




(4.2) 


(4.3) 


For any 1/2 < a < 3/4, we find that 

i"g(p)<C/l^(2a+n)( yy 


, 9 > 


2a + n 


2a ’ 


(4.4) 


which means that Fq{fi) tends to 0 as /t —>■ 0. For a > 3/4, we see that 

p2“ S’S P —> 0. 

Thus the smallness of external force has been shown. Next, we will prove the smallness of 
the other terms in (II.2p . First, by the Holder inequality, for any a > 3/4, it holds 


i"3/2(p) = ^3/2(4a-l)-(2a+n) / / |/(^, t)|3/2^^^^ 

J J Q{^) 


^_LCf^_3 / 1 


<C/1^+3“"2 


p2“(^-2“) JJq(p) 


a \fiFt)\ 

JJq(p) 


2a 


dxdt 


3/4o 


Therefore, we see that F3/2(p) —?> 0 as /i ^ 0 when a > 3/4. By similar arguments, the 
same statement is also valid if 1/2 < a < 3/4. Therefore, we see that there is a constant 
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//i such that for any /r < //i, F^/ 2 [^^) < £2- The condition (ll.3p yields that there exists 
fiQ G (0, /ii) such that 

E^ip) < 62, for any p < (4.5) 

Plugging (j4.3p . (I2.16P in Lemma 12.21 into (14.11) and using the Cauchy-Schwarz inequality, 
we have 


E{p) + E^(yp) 

<CEl/^{2p) + CE,{2p) + c(^^~"^"^^~^"^ (E{pf/^E,{p)+E{p)EV\p)) 
+ CEy\u, 2p)P^I^{2p) + CeI^\u, 2p)E^I^{2p) 

<CEl^\2p) + CE,{2p) + c(^^y^"^^~^"^ (^E{p)^/^E,{p)+E{p)El^^{p)^ 
'4/3/ 


+ P;^i2p) + E^j^{2p) 


( \ 2+n—4« ^ / 

E'-^{p)Er{p) + c(^^ 

. y„+4-8a ^ 

+ c f H (/9) 


4a-2 


(E(/>)V2s,(p) + E(p)L;y2^p)) 


+ C 


Ai 


2(8a^+2a(n-l)-n) 
Ti+2a 


P\i 


\n+2-- 


’ </(/>). 


PJ \p' 

where we have used ^2.1411 in Lemma l2.ll Before going further, we set 


(4.6) 


G{p) = E{p) + E,{p) + P:+^: (p). 


It follows from p4.6p and p2.16p in Lemma [2]2] that 

2H-n—4 q; 

G{p) <g' 


(;) 


E^ip)Ei- ip) + G 


4a-2 


E{p) 


+ 


3(n+2—4 q:) 
2 




p 
p 

p \ n+2 —4q( 


G^I\p)E,{p) + G{p)eV\p) 


E,{p) +( ^Tptyip) 


PJ 


+ 


. 2n-\-4—Sa 

P \ 4q; 


P 


e^{p)e:+^- {p) + c 


2{8a^ +2a(n-l)-n) 
n+2ck 


p::2:{p)- 


Notice that < 1 ^-iid 8a^ + 2a(n — 1) — n > 0 for n/4 < a < re/2. Then, the latter 
inequality yields 


G{p) < '“^G"Hp)i??(p) + (^)"'g'(p) + (^)'V3%y/,), 

where 0 < ri < 1, T2, rs > 0. Using the Young inequality, we infer that 

G{p) < Giyyf G{p)El^{p) + [yf^^Gip) + (Py\El'^{p) + E^jl{p)) 
< CiA-®eyG(p) + C2X^^G{p) + G^\-^£l\ 
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where a > 0, > 0, X = ^ < -^ and p < Ho- 

Choosing A, 62 such that q = 2 ( 72 < 1 and 


62 = nnn 

we obtain 

Iterating ()4.7p . we deduce that 


2(7i 


2C. 


G{Xp) < qG{p) + C 3 X ^£^2 ■ 


(4.7) 


G(aV) < q’^Gip) + -A2-+4-^“ei. 

From the dehnition of G{p), there exists a positive number Kq such that 

a^°G(u I < \\p\\lS/2l3/2) Kq 1 x2n+4-8a 

y — ,,n+2—40 q — 9 1 

f^O ^ 

Let p 2 ■= therefore for all 0 < /i < > Kq, such that < p < X^pq. 

Thus, we have 


Ejp) + E^p) + p:+^: (p) 

n 

1 


< sup 
-( 

+ 


-(A'=M)2“<t<0 (A^'+Vo)"^^^ 4B(AVo) 

1 


(A^+Vo)"+2-4« 


iW\^ + \h\^) 


+ 


1 


(Afc+i^o)2-+4-8«vyyQ(;,.^^) 


„+2a ',^2n/(n+2o) 

Ip I n axdt 


1 


Si;2;7i^G(AVo) 

<ei- 


(4.8) 


By a scaling argument together with Theorem 11.11 we end the proof of Theorem 11.21 □ 


Proof of Theorem li.,71 Thanks to (j2.14p in Lemma 12.11 and (j2.18p in Lemma 12.21 we see 
that 

eI'\p/A) < G{E{p) + E,{p)) + CE{p), 


P. 


2/3, 


3/2 (p/4) < c[e{p) + E^p)) + GP^j^ip). 

By the Holder inequality, (j3.12p in Corollary 13.21 and the latter inequalities, we see that 
E{p) + E,ip) <c(^)"“"'(f;(p/4) +f;,(p/ 4)) + (0"^'""“i?3(«,p/4) 


T' 


^(^)n+3 ^ ""El^\u,p/4)P^j^{p/4) 


n-\-3—Aa 


<Af) 


4q-2 


T' 

0\ n+3—4o 

+ A{p)] + [^j E^{u,p) 
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+ eII\u,p)[e(p) + E,(p) + pI'iI(p))- ( 4 . 9 ) 

With the help of (12.181) again and Young’s inequality, we infer that 




< 


6+3ti— 12q 

^ Qa—n . . -IL , , 

E—(p)ES‘(p) + C 




-) 


2-\-n—Aa 


^E(p) + E^(p)'j + C 




Now, set 

G,(/2) = E{f^) + 

It follows from (j4.9p and the latter inequality that 


Gi(/r) <C 

+ 

+ 

YCi 


0 


4o-2 


-) 

P 

P 


Gi{p) + 

n+3—4 q; 


p \n+3—4 q 


j + ^"Ey\u,p)Gi{p) 


El/\u,p)(GM+e-^/^G^ 


2+71—40; 


ey^G^{p) + G 


P 


Giip) 


+ c{!^Tgm + i^) e, 

<CA‘‘“-"-*ey‘^Gi(p) + CV^Giip) + 


where rg > 0, A = ^ < ^. An iteration argument completely analogous to that adopted in 
the proof of Theorem II. 2l vields the smallness of E{p) + £'*(/x). This together with Theorem 
11.21 completes the proof of Theorem 11.31 □ 


Proof of Theorem \1.4\ (1) Recall that the pair is the conjugate index of {q, t) in 

m- By means of the Holder inequality, (|2.8n and the Young inequality, we arrive at 


1-1 1 


— ^lly ^ V U ]\[P{Q*{p)) + \W\\l^P{Q{p}) 


1-1 


where ajq' + nf2i' = nl2. In view of the Holder inequality and the last inequality, we 
deduce that 


— (n+3—4o) 


„ 

J-{pl 2 p°‘ JBi 


/-(p/2)2“ Jb{p/2) 
A similar procedure yields 


|u||/i|^ YCp ^‘^^ll^lli«’^(Q(p/2))ll^llLV,2f'(Q(p/2)) (4 10) 

<G[E{p) + E4p)]Eq^i{u,p). 


— (n+3—4«) 


/-(p/2)2“ Jb(p/2) 


|up < G[E{p) + E^{p)]Eq^e{u,p), 


(4.11) 
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which together with (l4.1Up and (|3.12p in Corollary 13.21 implies that 


E{p.) + 


<c(^)‘“->(p/4) + 




Q\ n+3—4 q 

+ c ^1 


/i/ 


E{p)+E^{p) Eq^l{u,p) 




( 4 . 12 ) 


<-<^0 


4a-2 


+ Ej, 


p \ n+3—4a 


E{p) + E^{p) Eg^e{u,p) 


It follows form p2.19p and condition (ll.Sp that 

n+3—4 q 


el^"P3/2if^) <Cer E{py^E4py-^.E^,eip) + ^ 


■"‘(9 

<C{M)e]!^ 


xl-- 




8q-3 

2 


.1/4, 


n+3—4 q; 


EipyE^pf—^ + c 


8q-3 

2 


£ y "^- f 3 / 2 ( d )- 


Set G 2 {p) = + .E'*(m) + £y^.f 3 / 2 (A^) and A = ^, then the latter inequality together with 

p4.12p implies that 


G2{\p) <G\ 


4a-2 


+ E^ 


+ X 


4o—n—3 


E{p) + Eyp) Eq^u.p) 


+ A-“‘-”-’Ey/(u,p)EdG2(p) 


+ Cef ! " 


P 


n+3—4a ^ 

\p 

<CA^“-2G2(p) + X^^-^-^G2{p)Eq4u,p) 

+ A"“—3i?i//(u,p)+^G2(p) 

+ Cey+^“-^-3G2(p) + C\^G2{p) 
<A-"«e|G2(p) + CA"^G2(p), 


8q-3 

2 


.1/4 


P3/2{p) 


(4.13) 


where ry, rg > 0. With this in hand, exactly as in the derivation of p4.8ll and using Theorem 
11.21 one can finish the proof of first part of Theorem 11.41 

(2) By a slight modified proof of (14.1211 and p2.17p . we arrive at 
E{p) + E^p) 


<G 


. 4a-2 


) + 

/ p \ n+3—4o 


^p/ 


E{p) 


(4.14) 


<G 


+ P*{P) Pq,£{u, p) + 1^ —j 

4a—2 n+2—4a 

p' 

n+3—4a / g\ n+3—4a p 


p \ n+3—4a 


+ '-) 

pJ 


Eq,l{u, p)Pqpe{p) 

(E{Q) + Eye)) 

E{Q)+EyQ) Eqyu,g) 
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It follows from (j2.17p that 


Pq',i'{p) < 



71+2—40 ^ ^_i 

E-^{q)E, ~^{q) + C 



Pq’/'io)- 


We denote G' 4 (//) = E{^) + E^(fj,) + (m) and -^ = p = f i then the above estimates 

imply that 

<A«“-"-^G4(^) + AS“-2-6G4(^>)P;g,K«, 

+ ^>)G4(f?) + A8“—5-?e5-^/^G4(^)^p,p(u; 

+ A^“-’^-2ey^G4(^) + A^“-?-^G4(^) 

<CX^^G4{g) + X-^^°G4{g)el^\ 


where rg, tiq, tii > 0. Based on the latter relation, along the same line of the iteration 
argument used in the proof Theorem 11.21 one can complete the proof of second part of 
Theorem 01 □ 


A Proof of useful inequalities 


To make our paper more self-contained and more readable, we outline the proof of inequal¬ 
ities (j2.6p - (l2.12[l stated in Section 2. It is clear that it is enough to show the following 
inequalities 



(A.l) 

(A.2) 

(A.3) 

(A.4) 


Proof. Consider the usual cut-off functions 

1, X € B{hfi), 0 < h < 1, 
0, X € 

and 

miy) = 
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0 < y < hg., 
V> y-, 









satisfying 


0 < rji, m < 1, and ^x\^xr]l{x)\ + ^x\dy'q 2 {y)\ < C. 

It is easy to derive from (12. 4|) and (12.51) that 

\\um\\]js= ! y^~‘^''\S/*{ur]i)*\^dxdy 

<c[ y^~‘^''\V*{u*r]2'ni)\‘^dxdy 

<Cy-^ [ y^-^^\u*\‘^dxdy + C [ y^-^^\V*u*\‘^dxdy. 






Thanks to the classical weighted Poincare inequality, we infer that 


/ 1 — 2 sI * jk |2 /~# 2 

/ y \u -u*B*{yi)\ <CyL 
JB*(a) 


I 1 — 2s I V7* * I 2 

/ y |v tt I , 

Jb*(i£) 


(A.5) 


(A.6) 


where 

u*B*(ii) = 1-rwT / y^~‘^^u*dxdy 

and the volume of \B*{y,)\ = Jb*(ij.) y^~‘^^dxdy is proportional to . 

The above inequalities imply 

O p n —2s p 

' " <C y^-^^\V*u*f. (A.7) 

' Jb*(p) 


It follows from u*{x,y) = u{x) + dzU*dz that 



where the Holder inequality was used twice. 

Combining ()A.7p with the latter inequality, we deduce that 


B{hii) 


\u — "- 2 s 


which means (jA.lll . 


< 


< 


B{n^i) 


\u — M/il "- 2 s 


B{hti) 


\u -U B*(ti) 


2n 

n — 2s 


n — 2s 
2n 


+ 

<C 


_ 2n 

— 7;... I n-2s 


B{hfl) 


I'a B*(ii) '^11 




b*(m) 
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By means of (|A.6p and (|A.8I1 . we have 


[ <C [ 

7 

Jb*(h) 


—2s I * ji, 1 2 

'u 


_|_ (^ / — |2 


u^B*{iJ.) - u^\ +c 1^ y^ ““IU 

' M 


'/ y^ 

JbHh) 


-2s|- |2 

'Ml 


JB*{^l) JB{^l) 




which together with (IA.5I) yieids 


2n 

Ini "- 2 s 


/S(ftM) ^ JB*{i£) 

and in turn imphes (IA.2h . ()A.3p and (IA.4I) . 


n — 2s p 

)~<C yi-2"|V*n*p + C/i-2" 

2 Jb*(u) 


n 


iBit,) 


□ 
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